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Abstract. We present a proof of the full Marino- Vafa Conjecture that iden- 
tifies certain open string invariants of the resolved conifold with the Chern- 
Simons knot invariant of the unknot, i.e. the quantum dimensions. 



1. Introduction 

The duality between topological string theory and Chcrn-Simons theory is one of 
the important examples of string duality. Mathematically, this predicts an amazing 
connection between Gromov-Witten theory and link invariants. Such predictions 
have inspired many mathematical results that verify this connections. In this short 
note we will present a proof of the full Marino- Vafa Conjecture that identifies 
certain open string invariants of the resolved conifold with the Chern-Simons knot 
invariant of the unknot, i.e. the quantum dimensions. 

Witten [17] proposed that the large N expansion of Chern-Simons link invari- 
ants [16] can be identified with the genus expansion of open string invariants of the 
deformed conifold T*S 3 , which counts holomorphic maps from Ricmann surfaces 
boundaries to T* S 3 , with h boundary components mapped to the Lagrangian sub- 
manifold S 3 . Gopakumar-Vafa [5] proposed that after summing over the number 
h of boundary components, one gets from the large TV expansion of the 3-manifold 
invariant of S 3 the genus expansion of closed string invariants of the resolved coni- 
fold. Ooguri and Vafa [15] extended this and proposed that the large TV expansion 
of link invariants corresponds to open string invariants of the resolved conifold, 
associated with some Lagrangian submanifolds corresponding to the link. Marino- 
Vafa [13] extended this further by considering framed knots. Later, the duality has 
been extended to other local Calabi-Yau geometries [2] and a formalism called the 
topological vertex [1] has been developed to compute open and closed string invari- 
ants of local toric Calabi-Yau geometries, in terms of quantities related to the link 
invariants of the Hopf link. There are many related works in the physics literature. 
More recently, duality between topological strings and link homology [7] has been 
proposed [HE]. 

Many predictions in the physics literature has been made mathematically rig- 
orous. By comparing with the formal localization calculations performed for the 
resolved conifold by Katz and Liu [6], Marino- Vafa [13] conjectured a closed for- 
mula for some Hodge integrals. This formula for Hodge integrals has been proved 
[HI E] and generalized [HI EH H] ■ Such formulas turns out to be important for the 
mathematical calculations of open and closed string invariants of local Calabi-Yau 
geometries |19[ [8] . Because mathematically the open string invariants is very diffi- 
cult to define in symplectic geometry, relative moduli spaces in algebraic geometry 
have been used to bypass this difficulty [HI [8] . 
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Our proof of the full Marino- Vafa starts with the computations of the open string 
invariants of the resolved conifold by the mathematical theory of the topological 
vertex [5]. Such computations involve complicated summations over two partitions, 
they are difficult to carry out directly. We will use a simplifying trick discovered in 
an earlier work |21j . 
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2. Preliminaries 

In this section we express the quantum dimensions as specializations of Schur 
functions. 

2.1. Symmetric functions. The Newton functions and the Schur functions 
{s v } form additive bases of A. They arc related by the character values: 

(1) Pn = ^Xv(p)s v , s„ = ]T] Xv v ^ Pm- 
Here /i = (/ii, . . . , (if) is a partition, 

(2) « M = IJ W .|Aut(/i)|, 

and Xm denotes the character of the irreducible representation Sui, = £\ /ij, 
indexed by /x, and X^(^) denotes the value of Xp. on the conjugacy class of 
indexed by v. The character values satisfy the following orthogonality relations: 



(3) '%2^-Xii(t')Xv( 1 ')= S i*,T)> X^(£)Xm<» = s $ 



<t> z i- 



Let x = [x\, X2, ■ ■ ■ ) and y = (j/i, j/2, ■ • ■ )• Then by (|T|) and @ one has 

(4) s » ( x ) s ^ ( y ) = 51 ( x )^ ( y ) ■ 

p v 

2.2. Scalar product and vacuum expectation values. There is a natural 
scalar product on A such that: 

(5) ip^Pv) = S MtV z M , (sn,s v ) = 6n iV . 
In particular, 

(6) {Pfj,,s v ) = Xv{V>)- 

Following physical notations, we will write |/x) := s M , and write the inner product 
(Asfj,, s u ) for some linear operator A : A — > A as In particular, 

(A) := (0\A\0) 

is called the vacuum expectation value, where |0) = 1 € A. 
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2.3. Creators and annihilators. On A one can introduce the following operators 
for nonzero integers n: 



(7) /3„:A^A, /?„(/) 



\P-n-f, n < 0, 
«/. ">*>• 

These operators satisfy the following Hciscnberg commutation relations: 

(8) \j3 m , p n ] = mS m - n Id A . 

For a partition fi = (/ix, ■ • ■ , (J-i), we write 

i i 

(9) ^=n^> p-^=x\p-^ 

i=l i=l 

One clearly has 

(10) £„|0) = 0, «>0; /3_ M |0) =p M . 

Hence the operators {(3 n } n >o are called the annihilators, and the operators {/3_„}, l >o 
are called the creators. 
It is easy to see that 

(11) 0M-„) = <W-v 

This is called the Wick formula. It follows from this identity that 

oo , OO , 

(12) <exp(]T ^(3 n ) ■ cxp(£ ^/J_ n )> = exp£ 

n—1 n—1 n—1 

We will understand A as the space of symmetric functions in x. Then we have 

oo 

(13) exp(]T -p„(y)/3-n)|0) = ^ -J>*(y)jM0>. 

n—1 i> 

Now wc apply ((4]) to get: 

oo 1 

(14) ex P (]T -p n (y)/?_„)|0) = 5> M (y)M. 



n 



2.4. Involution. One can define an involution u) : A — > A by 

(15) u(p n ) = (-l) n "V- 
One has 

(16) w(s Al ) = s M t. 
Apply w on both sides of (jT4")) : 

(17) exp(]T -(~l)-V(y)/3-n)|0) = V(y)lM>- 

n—1 u 
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2.5. Cut-and-join operator. Another useful operator on A is the cut-and-join 
operator 

1 °° <9 2 d 

(18) K : = 2 S (P^'flkflfc + + 



- oo 

-^(^ (j+j) Aft + /5-^-ift +j ). 
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The Schur functions arc eigenvectors of this operator: 

1 

— / 

2 



(19) K\n) = -«>>• 



2.6. Specializations of symmetric functions. When y = q p := (q l / 2 ,<7 3 / 2 ,...), 
it is easy to see that 

(20) pniq") 



q n/2 _ g-n/2 [ n ] 



It is a very interesting fact that 



>W4 



(21) s^qP) - 

where k m = X^=i — 2i + 1). In other words, when p n (y) = t^t for all n > 1, 

one has 

By d, 



OO 



1 „ x - g K ^/ 4 



5i W V^W*)] 
We will use another useful specialization. When 



(23) Pn (y) 



1 - q n 
for n > 1, one has 



(24) ^(y) = ?" w 111 



a - 6g c ^) 



qih(a;) 

Here we represent a partition [i by its Young diagram, /i* is the partition corre- 
sponding to the transposed Young diagram of \i. Define 

Km) lip*) , t 

(25) n( M )=E( i - 1 )^=E 

i=l i=l 

For a box x £ fj, at the z-row and j'-th column, its content and hook length are 
defined by: 

(26) c(x)=j-i, h(x) = ^ + /x*- - i - j + 1, 
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respectively. The following identities hold: 

(27) = nM + nO*') + M, 

(28) 53c(x) = n(^)-nOi) = i« A 

With these facts, one can easily get the following 
Lemma 2.1. If for n > 1 one /ias 

1 - e~"* 

(29) p„(y) = , 

[n] 

£/ien one has: 



w/iere 

(31) [n] e t = e nt / 2 q n / 2 - e- nt ' 2 q- n ' 2 . 

2.7. Relationship with the large N quantum dimension. The colored large 
N HOMFLY polynomials are given by the quantum dimension given as follows |131 
(5.4)]: 

(v>\ Him r tt It* z &. ±Jji3 tt n7=i[i-i]e« 

(32) dun,^- 11 IIj-jm, + )]■ 

By P §1.1, Example 1], 

i£/i l<i<j<((M) 

= E E ^E^' i+ ' (Al) + E 

therefore, 



(33) 



dim g ^=n ic(s)] 



[%)] 



By combining fT3|) . ([T? ) . ([29 ]) . ([30] ) with {33]), we get 
Proposition 2.1. The following identities hold: 

(34) 



ex p(E — m^-n)|o) = E e-Ht/2 • dim « ^ • Im), 

z — ' n\n\ 

n=l L 1 H 

1 - e~ nt 



exp^l-l)"- 1 ^/3_„)|0) = VeH^-dir^iV ■ 

' n\n\ 

n=l L 1 u 



(35) 

• — ■ n\n\ 
3. Proof of the Full Marino- Vafa Conjecture 



In §3.1 we first recall some results in [3T]. Then we prove the full Marino- Vafa 
Conjecture in §3.2. 
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3.1. Open string amplitudes with one outer brane. We compute the open 
string amplitude for the resolved conifold with one outer brane and framing a by 
the theory of the topological vertex [TJ[5]. There are two possibilities, corresponding 
to two different toric diagrams as follows: 



v v 



V t 



(a) 



(b) 



Figure 1. 



For Figure 1(a) we have 



(36) Z<<*> (A; Up)=J2 1 aKj2 C(o } ,^ (?) ■ Q H ■ C,,(o),(o) (?) 



ibt) 



where q~e^ 1A and Q = —e f . For Figure 1(b) we have 
(37) Z<°> (A; t;p)=J2 Q^C^o)^ (?) • Q H • G,,(o),(o) (?) 



ibt) 



Pr,(-X). 



The topological vertices here can be rewritten as follows (cf [20]): 

(38) C(0),^(?) = Q-^Wwh), 
so we have 

(39) zW(A;t;p) = £ q aK ^ 2 W^(q)q- K "/ 2 Q^W„(q) ■ ^^ (x), 
and 

(40) Z^(X;t;p) = ]T q^ +1 ^ 2 W^ t (q)Q^W v (q) • X jj, ) ? ,(x). 



^V-l 



The normalized open string amplitudes are defined by: 

Z^(X;t;p) 



(41) Z(«0(A;t;p)- 

Zw(A;t;p)| p =o 

In [3T] we have proved the following: 



zW(A;t;p) 



^ (a) (A;^;p) 
ZM(A;*;p)| p=0 ' 



Proposition 3.1. TTie normalized open string amplitude of the resolved conifold 
with one outer brane and framing a <= Z is given by: 



(42) Z(«)(A;t;p) = (exp(^ ^ /3„)g< a+1 >* exp ]T ( 

n=l V=l 

Recall the following identities proved in |20j : 

(43) w^Aq) = {-yM+Mw^iq- 1 ) 

and 

(44) W„(g) = (-lpq^W^q- 1 ). 



(-1) 



n— 1 /"m 



n] n 
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So we have 

(45) Z (a \\;t;p) 

This is essentially Z~( a+1 ) (— A; t; p), with an extra (—1)1^1. Hence by Proposition 

3.1, one can easily get: 

Proposition 3.2. The normalized open string amplitude of the resolved conifold 
with one outer brane and framing a <= Z is given by: 

A 00 / \ / 00 1 —nt Q \ 

(46) Z«(A;t;p) = <exp(]T ^ ( £ ( 1 _ « )^» )). 

7i — l v n— 1 L J L J ' 

3.2. Proof of the full Marino- Vafa Conjecture. Write 

OO 

(47) ZW(A; i; p) = cxp £ £ ^^"^"^W- 
and 

oo 

(48) Z^(X; t; p) = cxp E ^* 2fl " a e" W M*). 



Theorem 3.1. For the resolved conifold with one outer brane, the generating f 
Hons for the open Gromov- Witten invariants are given by: 

oo oo 

(49) exp £ j:J2i l ^F^- 2 e^- k )%(x) 



oo oo 



(50) exp £ EE l,( ^it A ^ 2e<H/2 " k) ^( x ) 

= ^ SA1 (x)^/ 2 -dim 9 R, 

Proof. It is easy to sec from (|4"2j) and (f4"B")) that 

oo oo 

(51) exp £ EE iK " )i? i ; l A2ff " 2e " fe ^( x ) 

fi£7>+ s=0fc=0 

= (cxp(f: ^/3„)^+^exp(£ +^)^)) 

n=l v n=l L 1 L 1 ' 
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oo oo 



(52) exp £ EE li(Al) ^l A29 ~ 2e " fet ^( x ) 



n=l V=l L J 



Now we have 



oo , . 

(53) eX p(^^P/3 n )=^ S/1 (x)( / x| 



n 

n— 1 



Therefore by using (f35|) and ([34j) , the proof is completed. □ 
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